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ABSTRACT

K-clique counting is a fundamental problem in network analysis
which has attracted much attention in recent years. Computing
the count of k-cliques in a graph for a large k (e.g., k = 8) is often
intractable as the number of k-cliques increases exponentially w.r.t.
(with respect to) k. Existing exact k-clique counting algorithms
are often hard to handle large dense graphs, while sampling-based
solutions either require a huge number of samples or consume very
high storage space to achieve a satisfactory accuracy. To overcome
these limitations, we propose a new framework to estimate the num-
ber of k-cliques which integrates both the exact k-clique counting
technique and two novel color-based sampling techniques. The key
insight of our framework is that we only apply the exact algorithm
to compute the k-clique counts in the sparse regions of a graph,
and use the proposed sampling-based techniques to estimate the
number of k-cliques in the dense regions of the graph. Specifically,
we develop two novel dynamic programming based k-color set sam-
pling techniques to efficiently estimate the k-clique counts, where a
k-color set contains k nodes with k different colors. Since a k-color
set is often a good approximation of a k-clique in the dense regions
of a graph, our sampling-based solutions are extremely efficient and
accurate. Moreover, the proposed sampling techniques are space
efficient which use near-linear space w.r.t. graph size. We conduct
extensive experiments to evaluate our algorithms using 8 real-life
graphs. The results show that our best algorithm is at least one
order of magnitude faster than the state-of-the-art sampling-based
solutions (with the same relative error 0.1%) and can be up to three
orders of magnitude faster than the state-of-the-art exact algorithm
on large graphs.
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1 INTRODUCTION

Real-life networks, such as social networks, web graphs, and biolog-
ical networks, often contain frequently-occurring small subgraph
structures. Such frequent small subgraphs are referred to as net-
work motifs [31]. Counting the motifs is a fundamental tool in
many network analysis applications, including social network anal-
ysis, community detection, and bioinformatics [10, 18, 31, 35, 38].
Perhaps the most elementary motif in a graph is the k-clique which
has been widely used in a variety of network analysis applications
[7, 10, 31, 39, 42].

Given a graph G, a k-clique is a complete subgraph of G with k
nodes. Counting the k cliques in a graph has found many important
applications in dense subgraph mining and social network analysis.
For example, Sariytice et al. [37] proposed a nucleus decomposition
method to find the hierarchy of dense subgraphs, which uses the
k-clique counting operator as a basic building block. Tsourakakis
[42] studied a k-clique densest subgraph problem which also uses
the k-clique counting operator as a building block. Additionally, the
k-clique counting operator has also been applied to detect higher-
order organizations in social networks [6, 45].

Motivated by the above applications, many practical k-clique
counting algorithms have been proposed [2, 13, 15, 19, 23, 24, 28,
29, 36]. Existing k-clique counting algorithms can be classified into
(1) exact k-clique counting methods, and (2) sampling-based ap-
proximation solutions. Chiba and Nishizeki [13] developed the first
exact k-clique counting algorithm based on k-clique enumeration
which is very efficient on real-life sparse graphs for a small k. Such
an algorithm was recently improved by Finocchi et al. [19] based
on a degree ordering technique. Subsequently, Danisch et al. [15]
further improved this algorithm by using a degeneracy ordering
technique [30]. More recently, Li et al. [28] developed a further
improved algorithm based on a hybrid of degeneracy and color
ordering technique. All these exact k-clique counting algorithms
are based on k-clique enumeration, which are typically intractable
on large graphs for a large k (e.g., k > 8) due to combinatorial


https://doi.org/10.1145/3485447.3512167
https://doi.org/10.1145/3485447.3512167
https://doi.org/10.1145/3485447.3512167
http://crossmark.crossref.org/dialog/?doi=10.1145%2F3485447.3512167&domain=pdf&date_stamp=2022-04-25

WWW °22, April 25-29, 2022, Virtual Event, Lyon, France

explosion. To overcome this issue, Jain and Seshadhri developed
an elegant algorithm, called PIVOTER, based on a classic pivoting
technique which was widely used for pruning the search branches
in maximal clique enumeration [41]. The key idea of PIVOTER is
that it can implicitly construct a succinct clique tree (SCT) by us-
ing the pivoting technique in the search procedure. Such a SCT
structure maintains a unique representation of all k-cliques, but its
size is much smaller than the number of k-cliques. PIVOTER was
shown to be much faster than previous k-clique enumeration based
algorithms [13, 15, 19, 28, 29].

Although PIVOTER is often very efficient for handling real-life
sparse graphs, it may still have a very deep recursion tree when
processing the dense regions of the graph, which is the main bottle-
neck of the PIVOTER algorithm. Moreover, PIVOTER is based on
the idea of enumeration of maximal cliques to count the k-cliques.
It is often not very fast on the dense regions of the graph, because
the dense regions of the graph may contain many maximal cliques
(with complicated overlap relationships), resulting in a large search
tree of Pivoter (e.g., see the results on the LiveJournal dataset in
[24]).

Approximation solutions based on sampling are typically able
to handle large dense graphs when k is not very large [9, 23, 36].
However, to achieve a desired accuracy, previous sampling-based
solutions either require a huge number of samples [26, 36, 44] or
consume very high storage space [2, 8, 9, 23] for a relatively large
k (e.g., k > 8). The state-of-the-art sampling-based approxima-
tion algorithm is the TuranShadow algorithm which was proposed
by Jain and Seshadhri [23]. As shown in [23], TuranShadow is
much faster and more accurate than the other sampling-based al-
gorithms. The main limitation of TuranShadow is that it needs to
take O(na(k_l) + m) time and O(na(k_z)) space to construct a data
structure called Turan Shadow for sampling, where o denotes the ar-
boricity of the graph [13]. Therefore, on large graphs, TuranShadow
is very costly for a large k.

To overcome the limitations of the state-of-the-art algorithms,
we propose a new framework to estimate the number of k-cliques
in a graph which integrates both the exact PIVOTER algorithm
and two newly-developed sampling-based techniques. Our frame-
work is based on a simple but effective observation: PIVOTER is
extremely efficient to compute the number of k-cliques in the sparse
regions of the graph, while sampling-based solutions are often very
efficient and accurate to estimate the k-clique counts in the dense
regions of a graph. Base on this crucial observation, we can first
partition the graph into sparse and dense regions. Then, for the
sparse regions, we invoke PIVOTER to exactly compute the k-clique
counts. For the dense regions, we propose two novel sampling tech-
nique based on a concept of graph coloring [3] to estimate the
k-clique counts. Specifically, we first present a new concept called
k-color set which denotes a set of k nodes with k different colors.
Then, we propose a dynamic programming (DP) based k-color set
sampling algorithm to estimate the k-clique counts. Since a k-color
set is typically a good approximation for a k-clique in the dense
regions of a graph, our algorithm is extremely efficient and accu-
rate. In addition, we also propose a DP-based k-color path sampling
technique to further improve the efficiency and accuracy. Here a
k-color path is a connected k-color set which is more effective to
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approximate a k-clique. Moreover, unlike TuranShadow, both of
our sampling-based solutions take near-linear space w.r.t. the graph
size. In summary, we make the following contributions.

New algorithmic framework. We propose a new algorithmic
framework for estimating k-clique counting which can circumvent
the defects of the existing exact and approximation algorithms. We
show that our framework is extremely efficient and accurate. It can
achieve a 107 relative error by sampling a reasonable number of
samples.

Two novel sampling algorithms. We develop two DP-based k-
color set sampling techniques to estimate the number of k-cliques
in the dense regions of the graph. Our novelty is in the algorithmic
use of classic graph coloring technique for sampling. The striking
features of our techniques are that they are not only very efficient
and accurate, but also use near-linear space w.r.t. the graph size.

Extensive experiments. We evaluate our algorithms on 8 large
real-life graphs. The results show that (1) our best algorithm is at
least one order of magnitude faster than the state-of-the-art approx-
imate algorithm (TuranShadow) to achieve a 0.1% relative error, us-
ing much smaller space; and (2) it can be up to three orders of magni-
tude faster than the state-of-the-art exact algorithm (PIVOTER) on
large graphs. For example, on the hardest dataset LiveJournal with
k = 8, TuranShadow takes more than 120 seconds and PIVOTER
cannot terminate within 5 hours, while our best algorithm con-
sumes around 20 seconds to achieve a 0.1% relative error. Moreover,
our algorithms also exhibit an excellent parallel performance which
can achieve 12X ~ 14X speedup ratios when using 16 threads in
our experiments. For reproducibility purpose, the source code of
this paper is released at https://github.com/LightWant/dpcolor.

2 PRELIMINARIES

Let G = (V, E) be an undirected graph, where V and E denotes the
set of nodes and edges respectively. Let n and m be the number
of nodes and edges of G respectively. Denote by N (G) the set of
neighbors of v in G. The degree of v, denoted by d,,(G), is the size
of the neighbor set of v, i.e., d,(G) = |Ny(G)|. Given a subset S
of V, we denote by G(S) = (Vs,Es) the subgraph of G induced
by S, where Es = {(u,v) € E|lu,v € S}. A k-clique is a complete
subgraph of G in which every pair of nodes is connected by an
edge.

Given a graph G and an integer k, the k-clique counting problem
is to compute the number of k-cliques in G. Practical algorithms
for solving the k-clique counting problem are often based on some
ordering-based heuristic techniques [15, 23, 24, 28].

Let 7 : V — {v1,...,un} be a total order of the nodes in G. For
two nodes u and v of G, we say that 7(v) < 7(u) if u comes after
v in the ordering of x. Then, based on such an ordering, we can
obtain a DAG (directed acyclic graph) G by orienting the edges of
the undirected graph G. Specifically, for each undirected edge (u, v)
in G, we obtain a directed edge (u, v) in Gif m(u) < m(v), otherwise
we get a directed edge (v, u). The k-clique counting problem in G
is equivalent to computing the number of k-cliques in G. Existing
k-clique counting algorithms that work on the DAG G (instead
of the original graph G) can guarantee that each k-clique is only
explored once, thus significantly improving the efficiency.
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Algorithm 1: The Proposed Framework

Input: A graph G = (V, E), an integer k, and the sample size ¢

Output: The number of k-cliques in G

G « the DAG generated by the degeneracy ordering of G;

ans «— 0; S « 0;

foreach v € V do
if d(G(N(G))) < k then ans — ans + PIVOTER(N (G), k — 1);
else S — SU {v};

2 TR CR

EY

return ans + Sampling(é, S, k, t);

Note that many different ordering heuristics for k-clique count-
ing have been developed in the literature [28]. Among them, a
widely-used ordering heuristics is the degeneracy ordering [30],
where the degeneracy is a metric to measure the sparsity of a graph
[12]. Specifically, the degeneracy ordering of nodes in G is defined
as an ordering {v1, ..., vn } such that the degree of v; is minimum in
the subgraph of G induced by {vj, ..., v, } for each v; in G. We can
make use of a classic peeling algorithm to generate the degeneracy
ordering in O(m + n) time [4]. Let § be the degeneracy of G. Then,
we can easily derive that d;, (é) < 4. Since § is often very small in
real-world graphs [12, 30], the degeneracy ordering based k-clique
counting algorithms are often very efficient in practice [28]. In
this work, we will also use the degeneracy ordering to design our
algorithms.

3 THE PROPOSED FRAMEWORK

In this section, we propose a new algorithmic framework to estimate
the number of k-cliques which combines both the exact PIVOTER
algorithm and the sampling-based algorithms. The key idea of our
framework is based on a simple but effective observation. The
PIVOTER algorithm often works very efficient in the sparse regions
of the graph, in which the number of k-cliques is typically not very
large. However, in the dense regions of the graph, PIVOTER may be
very costly to compute the k-clique counts, as the dense regions of
the graph may contain a huge number of k-cliques. On the contrary,
the sampling-based solutions are often very efficient and accurate
to estimate the number of k-cliques in the dense regions of the
graph, but they generally perform very bad in the sparse regions
of the graph. This is because the k-cliques are relatively easier to
be sampled in the dense regions, but they are often very hard to be
drawn from the sparse regions of the graph. Therefore, to overcome
the limitations of both the exact and sampling algorithms, we can
apply the exact PIVOTER algorithm to calculate the k-clique counts
in the sparse regions of the graph, and use the sampling-based
techniques to estimate the number of k-cliques in the remaining
dense regions of the graph. The details of our framework is shown
in Algorithm 1.

Note that in Algorithm 1, we make use of the average degree of
the nodes in the subgraph C = (V¢, E¢) of G, denoted by d(V¢) =
2weve du(C)/[Vel, as an indicator to measure the sparsity of C.
We refer to a subgraph C of G as a dense subgraph of G if d(V¢) >
k (i.e., it lies in the dense regions of G), otherwise it is called a
sparse subgraph. In Algorithm 1, it first computes a DAG G by the
degeneracy ordering of G (line 1). Let Nv(é) be the out-neighbors of
anode vin G, and G(Nv(é)) be the subgraph induced by N, (6) in
G.Ifthe average degree of G(N,, (é)) is smaller than k, the algorithm
invokes PIVOTER to exactly compute the number of (k — 1)-cliques

1193

WWW ’22, April 25-29, 2022, Virtual Event, Lyon, France

contained in Ny, (é) (line 4). Otherwise, the subgraph G(Ny, (é)) is
considered as a dense region of G, and the (k — 1)-cliques contained
in N, (G) are estimated by a sampling algorithm (lines 5-6).

The remaining question is how can we devise an efficient and
effective sampling algorithm to estimate the number of k-cliques in
the dense regions of G. Traditional edge sampling algorithms, such
as [36, 43], are often inefficient, because those algorithms require a
considerable number of samples to achieve a desired accuracy [23].
The color-coding based techniques often consume a significant
number of space [2, 8, 9] and also they are less efficient than the
TuranShadow algorithm [23]. The TuranShadow algorithm [23],
which is the state-of-the-art sampling-based technique, also needs
much space to store the Tufan Shadow. Moreover, the construc-
tion time of the Tufan Shadow is often very long for large graphs,
because the worst-case time complexity of TuranShadow is expo-
nential. In Sections 4 and 5, we will propose two novel sampling
algorithms to tackle this problem.

Parallel implementation. Note that the proposed framework
(Algorithm 1) can be easily parallelized, because the number of
k-cliques in the subgraph induced by the out-neighbors for each
node in G is independent. Specifically, in lines 3-5 of Algorithm 1,
we can process the nodes in the sparse regions in parallel by inde-
pendently invoking the PIVOTER algorithms. In the dense regions,
the sampling-based techniques are also easily to be parallelized,
because we can always draw t independent samples in parallel. In
our experiments, we will show that our parallel implementations
can achieve a near-linear speedup ratio on real-life graphs.

4 K-COLOR SET SAMPLING

In this section, we develop a novel sampling approach to estimate
the k-clique counts in the dense regions of the graph, called k-color
set sampling. Our technique is based on a concept of graph coloring
[3, 21, 46]. Specifically, we first color the nodes in a graph such that
each pair of adjacent nodes are colored with different colors. Let y
be the number of colors that are used to color all nodes in the graph
G. The graph coloring procedure assigns an integer color value
taking from [1,---, y] to each node in G, and no two adjacent
nodes have the same color value. Note that since the minimum
coloring problem (y is minimum) is NP-hard [3], we use a linear-
time greedy coloring algorithm [21, 46] to obtain a feasible coloring
solution. Based on a feasible coloring solution, we define a concept
called k-color set as follows.

Definition 4.1. A set of nodes V in the colored graph G is called
a k-color set if it contains k nodes with k different colors.

Note that by Definition 4.1, the nodes of any k-clique must form
a k-color set. In particular, we have the following lemma.

LEMMA 4.2. Given a graph G, all k-cliques must be contained in
the set of all k-color sets.

Let cnty (G, clique) and cnty (G, color) be the number of k-cliques
and k-color sets of G respectively. Denoted by py the k-clique
density of a graph G which is defined as the ratio between the

number of k-cliques and the number of k-color sets of G, i.e., pr. =
cnt (G, clique)
cnt (G, color)
color set is likely to be a k-clique. Therefore, the k-clique density p

. Intuitively, in the dense regions of the graph G, a k-
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of the dense region of G is often not very small. As a consequence,
an effective sampling technique to estimate the number of k-cliques
can be obtained by estimating py.

There are two nontrivial problems needed to be tackled to de-
velop such a sampling technique. First, we need to devise an ef-
ficient algorithm to compute the number of k-color sets. Second,
to estimate py, we need to develop a uniform sampling mecha-
nism to sample the k-color sets. Below, we will propose a dynamic
programming algorithm to solve these issues.

4.1 DP-based k-color set sampling

Here we first propose a DP algorithm to compute the number of k-
color sets. Then, we show how to use the DP algorithm to uniformly
sample a k-color set.

Counting the number of k-color sets. Let y be the number of
colors of the graph G obtained by the greedy coloring algorithm
[21, 46]. Denote by a; the number of nodes in G with the color
i € [1, y]. Let G; be the subgraph of G that only contains the nodes
of G with color values no larger than i, i.e., G; = (V;, E;), where
Vi = {v € Vl]c(v) < i}, E; = {(u,v) € Elu,v € V;}, and ¢(v) is the
color value of v in G. Let F(i, j) be the number of j-color sets in G;.
Then, we have the following recursive function for all i, j € [1, x].

F(i,j)=a; xF(i—-1,j-1)+F(i—1,j). (1)

The key idea of Eq. (1) is that the number of j-color sets in G; can be
derived by considering two cases: (1) the color i is included in the
Jj-color sets; and (2) the color i is not included in the j-color sets. For
the first case, the number of j-color sets in G; is equal to a; times
the number of (j — 1)-color sets in G;_1, i.e., a; X F(i — 1, j — 1). For
the second case, the number of j-color sets is equal to the number
of j-color sets in G;j—_1, which is F(i — 1, j). Thus, the total number
of j-color sets in G; is the sum over these two cases. Clearly, the
number of k-color sets in G is equal to the number of k-color sets in
Gy, ie, F(yx, k). In addition, the initial states of F(i, j) are as follows:

F(i, 0) = 1,
F(i’ J) = 07

foralli € [0, x],

foralli € [0, x],j € li+1, . @

Based on Egs. (1) and (2), we can compute the number of k-color
sets F(y, k) in O(k y) time by dynamic programming. The detailed
implementation of the DP algorithm can be found in the DPCount
procedure of Algorithm 2 (see lines 5-12).

From counting to uniformly sampling. Here we propose an
efficient approach to uniformly sample a k-color set based on the
k-color set counting technique. For convenience, we refer to a set
of k different colors selected from [1, y] as a k-color class. Clearly,
in a graph G, a k-color class may contain a set of k-color sets.

To generate a uniform k-color set, a potential method is that we
first sample a k-color class, and then we randomly select a node in G
with color i for each i in the sampled k-color class. The challenge of
this method is that how can we sample the k-color class to guarantee
that the resulting k-color set is uniformly generated. Obviously,
the straightforward method that uniformly picks k different colors
from [1, ] is incorrect in our case. This is because the numbers of
k-color sets contained in various k-color classes are different. Thus,
uniformly sampling a k-color class from [1, y] will introduce biases
for generating a uniform k-color set.
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Algorithm 2: DPSampler (G, y, k)

Input: A colored graph G = (V, E), an integer k, and the maximum color number y

Output: A uniformly sampled k-color set

F « DPCount(G, y, k);
a;xF(i-1,j-1)

-

2 P, j) & Fi)) foralli €1, y]andj € [1, k];
3 R « DPSampling(G, P, 0, x, k);

4 return R;

5 Procedure DPCount(G, y, k)

6 Let a; be the number of nodes with color i in G;

7 F(i,j)« Oforalli € [0, y]andj € [i + 1, k];

8 foreach i =0 to y do F(i,0) = 1;

9 foreach i = 1to y do

10 forj =1tok do

1 L | " FG.j)=ai xF(i=1,j = 1)+ F(i-1, )
12 | return F;

13 Procedure DPSampling(G, P, R, i, j)

14 if j = 0 then return R;

15 Sampling the color i with probability p;, j);

16 if the color i is sampled then

17 Randomly choose a node v in G with color i;
18 L DPSampling (G, P, RU {v},i—1,j— 1)

19 | else DPSampling (G, P, R, i — 1, j);

To overcome this challenge, we propose a DP algorithm to sample
a k-color class which can guarantee that the resulting k-color set is
uniformly drawn. In particular, given a j-color class in G;, it either
(1) contains the color i, or (2) does not contain the color i. If the first
case is true, the other j — 1 colors of the j-color class are selected
from [1,i — 1] in G;—1. However, for the second case, the j-color
class must be selected from [1,i — 1] in Gj—1. Therefore, we can
sample a k-color class in G based on a similar DP equation as shown
in Eq. (1). More specifically, to sample a j-color class, we define the
probability of selecting the color i in G; as

aiXF(i—l,j—l)
Paj) = T rGa) )]

Clearly, the probability that does not choose the color i in G;
is 1 - p(; jy = F(i — 1,j)/F(i, j). Based on Eq. (3), we can sample a
Jj-color class using the following recursive sampling procedure. In
each recursion, we pick a color i in G; with the probability p; j).
If the color i is sampled, we recursively sample the (j — 1)-color
class in G;—j. Otherwise, we recursively sample the j-color class in
Gi_1. After obtaining a k-color class, a k-color set is generated by
randomly selecting a node with each color i in the k-color class. The
detailed implementation of our algorithm for uniformly sampling a
k-color set is shown in Algorithm 2.

Algorithm 2 first invokes the DP procedure to compute F(i, j)
for every i € [1, y] and j € [1, k] (line 1 and lines 5-12). Then, the
algorithm computes the probability p(; ;) based on Eq. (3) (line 2).
After that, the algorithm calls the recursively sampling procedure
to uniformly generate a k-color set (line 3 and lines 13-19). The
following results ensure the correctness of Algorithm 2.

LEmMMA 4.3. The DPSampling procedure in Algorithm 2 outputs a
k-color set of G if y > k.

THEOREM 4.4. Algorithm 2 outputs a uniform k-color set.
The following theorem shows the complexity of Algorithm 2.

THEOREM 4.5. Suppose that the graph G is colored and the nodes
in each color group are obtained. Then, both the time and space com-
plexity of Algorithm 2 are O(yk).
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Algorithm 3: Estimating the number of k-cliques by k-
color set sampling

Input: A graph é, anode set S, an integer k, and the sample size ¢
Output: An estimation of the number of k-cliques
Coloring the graph G using a linear-time algorithm [21, 46];
Let y be the number of colors obtained;
foreach v € S do
| Fo < DPCount(G(No(G)), x. k - 1);
cntKCol « Y, yes Foly, k—1);
Set the probability distribution D over the nodes in S where
p(v) = Fy(y, k —1)/cntKCol for each v € S;
successTimes « 0;
fori=1tot do

[E I C

EN

N

9 Independently sample a node v from D;
10 R« {v}U DPSampIer(G(Nv(é)), X- k—=1);
11 if R is a k-clique then

12 L successTimes < successTimes + 1;

13 py < successTimes/t;
14 return pg X cntKCol;

4.2 Estimating the number of k-cliques

By Theorem 4.4, we can first make use of Algorithm 2 to uniformly
sample k-color sets from G, and then estimate the clique density
Pk in the k-color sets of G. After that, the number of k-cliques in G
can be estimated by py X F(y, k). Based on this idea, we propose
a weighted sampling algorithm to estimate the number of cliques
in the dense regions of G. The detailed implementation of our
algorithm is shown in Algorithm 3.

Let S be a set of nodes whose neighborhood subgraphs are dense
regions of G, ie., d(G(N(G))) > k for each v € S. Algorithm 3
first colors the graph using a linear-time greedy algorithm [21, 46]
(line 1). Then, the algorithm invokes the DPCount procedure to
compute the number of k-color sets for each v € S (lines 3-4). Let
cntKCol be the total number of k-color sets (line 5). Then, we can
obtain a probability distribution D over S where p(v) = Fy,(y, k —
1)/cntKCol for each v € S (line 6). After that, Algorithm 3 draws
t k-color sets by (1) sampling a node v € S with probability p(v)
(line 9), and (2) uniformly sampling a (k—1)-color set from G(N, (é))
(line 10). The algorithm computes the k-clique density pg in the
sampled k-color sets (lines 11-13), and then estimates the k-clique
count as py X cntKCol (line 14). The following theorem shows that
Algorithm 3 can obtain an unbiased estimator.

THEOREM 4.6. Algorithm 3 outputs an unbiased estimator for the
number of k-cliques in the dense regions of G.

By applying the classic Chernoff bound, we can easily derive
that Algorithm 3 is able to produce a 1 — € approximation of the
k-clique count in the dense regions of the graph.

THEOREM 4.7. Algorithm 3 returns a 1 — € approximation of the
number of k-cliques in the dense regions of G with probability 1 — 2o
ift > p;fez ln%, where € and o are small positive values and t is the
sample size.

Note that by Theorem 4.7, the sample size of our algorithm relies
on the k-clique density py. Since py is often not very small in the
dense regions of a graph, Algorithm 3 is expected to be very efficient
in practice which is also confirmed in our experiments. Below, we
analyze the time and space complexity of Algorithm 3.
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THEOREM 4.8. Algorithm 3 consumes O((|S| + t) yk + k*t + m +n)
time and O(m + n + yk) space.

Remark. The proposed k-color set sampling algorithm is com-
pletely different from the traditional color coding technique [2, 8, 9]
for k-clique counting. The color coding technique randomly assigns
a color to each node (it is actually not a valid graph coloring), in
which two adjacent nodes may have the same color. However, our
k-color set based sampling algorithm is based on the graph color-
ing technique which requires two adjacent nodes having different
colors. For the color coding technique, the probability of each k-
clique being colored with k different colors is ]’:—,L [2]. With the
increase of k, such a probability decreases dramatically. However,
our technique can ensure that the k-clique of G is a k-color set no
matter what k is. Moreover, unlike color coding, the probability of
sampling k nodes with k different colors from G (the colored graph)
is nonuniform in our algorithm.

5 CONNECTED k-COLOR SET SAMPLING

Recall that to achieve a 1 — € approximation, the sample size of
Algorithm 3 heavily relies on the k-clique density over the k-color
sets, i.e., pr (see Theorem 4.7). Although the dense regions of a
graph G often have a relatively high py, it may still be very small
in some cases as the k-color sets do not fully capture the clique
property. To improve the effectiveness of the sampling algorithm,
we propose a novel technique which can further boost the k-clique
density by considering the connectivity of the k-color set.

For any k-color set in G, we can observe that it is definitely not a
k-clique if the subgraph induced by the k-color set is not connected.
Clearly, such disconnected k-color sets are unpromising samples
for our sampling algorithm. Therefore, to improve the sampling
performance, a natural question is that can we directly sample
the connected k-color sets from G? In this section, we answer this
question affirmatively by devising a novel k-color path sampling
technique. The insight is that we only sample the k-color set in
which there exists a simple path with length k — 1 in the subgraph
induced by the k-color set. For convenience, we refer to such a
connected k-color set as a k-color path.

Similar to sampling k-color sets in G, we also need to uniformly
sample the k-color paths. Unfortunately, the solutions proposed
in Section 4 are no longer applicable for sampling k-color paths.
Below, we develop a new DP-based sampling technique to uniformly
generate the k-color paths.

5.1 DP-based k-color path sampling

Counting the number of k-color paths. We start by developing
an algorithm to count the number of k-color paths in a graph G. We
assume that the graph G is colored with the color values selected
from [1, y]. Based on the color values, we can obtain a color ordering
by sorting the nodes in a non-decreasing ordering of their color
values. Note that we can use the nodes IDs to break ties to obtain
a total ordering. It is worth mentioning that such a color ordering
was used in the k-clique listing algorithms [28]. Clearly, we are able
to construct a DAG G by the color ordering, where a directed edge
(u,v) € G is obtained by orienting the direction of (u,v) € Gif v
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comes after u in the color ordering. Based on the DAG G, we can
obtain the following results.

THEOREM 5.1. Let G be the DAG generated by the color ordering.
Then, any (k — 1)-path in G forms a k-color path.

THEOREM 5.2. Let G be the DAG generated by the color ordering.

Then, any k-clique C = {v1,v3,- -+ , v} in G is a k-color path in G.

Note that a k-color path in G does not necessarily form a k-clique
in G. However, the set of k-color paths is clearly a subset of the set
of k-color sets. Thus, the k-clique density over the k-color paths,
denoted by pp, must be no smaller than the k-clique density over
the k-color sets. To estimate the number of k-cliques in G, we need
to compute p, and the number of k-color paths as well. Below, we
propose a DP algorithm to achieve this goal.

Let évi be a subgraph of G induced by {vi, ...,
by H(v;, j) the number of j-paths containing the node v; in évi.
Clearly, each j-path containing v; in C_’;vi must start from v;, since

vn }. Denote

the node v; in év ; only has out-neighbors. Thus, the total number
of (k — 1)-paths of G, denoted by cntk,l(é,path), can be computed
by the following formula:

cnt_ (G, path) = > H(vi, k- 1). (4)
v;€6

Observe that the second node in each (k — 1)-path containing v;
in évi must be an out-neighbor of v;. Thus, if we have the count of
the (j — 2)-paths containing vy in évx for each vy € Nvi(évi), the
count of (j — 1)-paths containing v; in Gy, can be easily obtained.
Specifically, we have the following recursive equation:

Hwnj)= ). Hwgj-1), )
Ux GNvi (évi)
Initially, we have
H(v;,0) =1, forallie€[1,n],
H(vi,j) =0, forallie][l,n],je(1,k-1].
Based on Egs. (4), (5) and (6), we can easily devise a DP algorithm to
compute cntk_l(é,path) which is detailed in the DPPathCount
procedure of Algorithm 4 (lines 5-12). It is easy to derive that

the time complexity of DPPathCount is O(kny), where y is the
maximum color value of G. This is because the cardinality of the

(6)

out-neighbors for any node in G is bounded by O(y).

Sampling a uniform k-color path. Similar to the DP-based sam-
pling technique developed in Section 4.1, here we also propose
a DP-based sampling algorithm to uniformly sample the k-color
paths. Suppose without loss of generality that there is a randomly
sampled k-color path of G starting from a node v, denoted by Py,.
Then, for the second node in Py, it must be an out-neighbor of v in G.
According to the DP equation (Eq. (5)), the number of (k — 1)-paths
starting from v is equal to the sum of the number of (k — 2)-paths
starting from each node in Nv(é). Therefore, the next node of
a random k-color path starting from v, denoted by u, should be
drawn from N, (G) with probability HEZ IZ 3 by Eq. (5). We can
recursively perform this sampling procedure to obtain a k-color
path. The detailed implementation of this sampling technique is
shown in Algorithm 4.
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Algorithm 4: DPPathSampler (G, k)

Input: A colored graph G = (V, E), and an integer k
Output: A uniformly sampled k-color path
G « the DAG generated by the color ordering of G;
H « DPPathCount(G, k);
R « DPPathSampIing(é, H, k);
return R;
Procedure DPPathCount(G, k)
H(vj, j) « 0,fori € [1, n]andj € [1, k —1];
foreachi = 0 ton do H(v;,0) = 1;
foreach j = 1tok — 1do

fori=1tondo

for vx € Ny; (G) do
| H(vi, j) & H(vj, j) + H(vx, j = 1);

P R T N R N T O

o
= S

12 return H;

13 Procedure DPPathSamp]ing(é, H, k)

14 R—0;Q0«V;

15 fori=0tok —1do

16 cnteZuEQH(u,k—i—l);

17 Set the probability distribution D over the nodes in Q where
p(u) =H(u, k —i—1)/cnt foreach u € Q;

18 Sample a node u from D;

19 R < RU {u}; 0 « N,(G);

20 | return R;

Algorithm 4 first constructs a DAG G by the color ordering
(line 1). Then, the algorithm invokes DPPathCount to derive the DP
table H (line 2). After that, Algorithm 4 calls the DPPathSampling
procedure to uniformly sample a k-color path (line 3). Specifically,
when sampling a node u from Ny (G), DPPathSampling needs to
set a probability distribution D over the set N, (G) based on Eq. (5)
(lines 16-18). After choosing a node u, DPPathSampling turns to
sample the next node from Nu(@) (line 19). The DPPathSampling
procedure terminate when k nodes are sampled.

It is important to note that Algorithm 4 can always obtain a
k-color path if the DAG G contains at least one k-color path. This
is because in lines 16-18, if a node u is sampled, then H(u,k — i —1)
must be larger than 0, indicating that the out-neighborhood N, (é)
must be non-empty. As a consequence, if there is a k-color path in
G, the for loop in line 15 of Algorithm 4 will be executed k times
which results in a k-color path. The following theorem shows that
Algorithm 4 can obtain a uniform k-color path.

THEOREM 5.3. Algorithm 4 outputs a uniform k-color path.

We analyze the time and space complexity of Algorithm 4 in the
following theorem.

THEOREM 5.4. Given an input graph G with n nodes and m edges,
Algorithm 4 takes O(ynk + m) time and uses O(kn + m) space, where
x is the maximum color value.

5.2 Estimating the k-clique counts

Based on Algorithm 4, we can devise a weighted sampling algorithm
to construct an unbiased estimator to compute the number of k-
cliques. Specifically, we can slightly modify Algorithm 3 by (1)
replacing the DPCount procedure in line 4 of Algorithm 3 with the
DPPathCount procedure, and (2) replacing DPSampling in line 10
of Algorithm 3 with DPPathSampling. Due to the space limit, we
omit the details of this modified algorithm. Similar to Theorems 4.6
and 4.7, the estimator based on the k-color path sampling is also
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Table 1: Datasets

Networks ‘ n ‘ m 5
webStanford 281,903 1,992,636 71
DBLP 425,957 1,049,866 113
webBerkStan 685,230 6,649,470 201
webGoogle 916,428 4,322,051 44
Skitter 1,696,415 11,095,298 111
Orkut 3,072,627 117,185,083 253
LiveJournal 4,036,538 34,681,189 360
Friendster 65,608,366 | 1,806,067,135 | 304

unbiased, and the sample size can also be bounded by using the
Chernoff bound. Moreover, it is easy to check that the sample size
is no larger than that of Algorithm 3, because p, > py.

For the time complexity, such a modified algorithm takes O(|S|5%k)
to compute the DP tables (i.e., H) for all nodes in S (because the in-
put graph G(N,(G)) for the DPPathCount procedure has at most &
nodes), and consumes O(k +k?) to sample a k-color path. Thus, the
total time complexity of the algorithm is O(|S|52k+(8k+k?)t+m+n),
where O(m + n) is taken for computing the graph coloring. The
space overhead of the modified algorithm is O(m + n + §k), because
the DP table takes O(dk) space.

6 EXPERIMENTS

6.1 Experimental setup

We compare the proposed algorithms with three state-of-the-art
k-clique counting algorithms which are kClist [15, 28], PIVOTER
[24], TuranShadow [23]. The kClist algorithm is an exact k-clique
counting algorithm which is based on k-clique enumeration [15].
Note that the original kClist algorithm is based on the degeneracy
ordering. Li et al. [28] proposed an improved version based on a hy-
brid of the degeneracy and color ordering. In our experiment, kClist
denotes such an improved version. PIVOTER and TuranShadow are
the state-of-the-art exact and approximate k-clique counting algo-
rithms respectively. Both PIVOTER and TuranShadow were pro-
posed by Jain and Seshadhri [23, 24]. PEANUTS [25] is an improved
version of TuranShadow by the technique of Prefixed-Shadow, thus
we use PEANUTS as the baseline instead of TuranShadow. The C++
codes of all these three algorithms are publicly available, thus we
use their implementations in our experiments. For our algorithms,
we implement DPColor and DPColorPath. DPColor denotes Algo-
rithm 1 integrated with the k-color set sampling algorithm (Al-
gorithm 2 and Algorithm 3), while DPColorPath is Algorithm 1
equipped with the k-color path sampling technique (Algorithm 4).
Both DPColor and DPColorPath are implemented in C++. All al-
gorithms are evaluated on a PC with two 2.1 GHz Xeon CPUs (16
cores in total) and 128GB memory running CentOS 7.6.

Datasets. We use 8 large real-life datasets in our experiments. Ta-
ble 1 summarizes the detailed statistic information of all datasets.
The last column of Table 1 denotes the degeneracy of the graph.
The webStanford, webBerkStan, and webGoogle datasets are web
graphs. DBLP is a co-authorship network, and Skitter is an internet
graph. Orkut, LiveJournal, and Friendster are social networks. All
datasets are downloaded from (snap.stanford.edu).

6.2 Experimental results
Runtime of different algorithms. In this experiment, we com-
pare the running time of different algorithms on all datasets. Note
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that for each approximation algorithm (PEANUTS, DPColor, and
DPColorPath), we record its running time when the algorithm
achieves a 0.1% relative error. Here the relative error is computed
by |f — f|/f, in which f is the exact k-clique count and f is the
estimated count. For all algorithms, if they cannot terminate within
5 hours, we set their running time to “INF". Fig. 1 shows the running
time of different algorithms with varying k.

We first compare our algorithms with kClist and PIVOTER. As
can be seen, both DPColor and DPColorPath are significantly faster
than kClist and PIVOTER on most datasets with varying k. The
kClist algorithm is generally intractable for large k on all datasets.
On most datasets, DPColorPath is around one order of magnitude
faster than PIVOTER. The hardest instance is the LiveJournal graph,
on which PIVOTER only obtains the number of 4-cliques within 5
hours, whereas DPColorPath takes around 20 seconds to achieve a
0.1% relative error (DPColorPath can achieve at least three orders
of magnitude faster than PIVOTER on LiveJournal). Note that since
both kClist and PIVOTER are intractable on LiveJournal when k >
6, we use the exact k-clique count obtained from [1], where k < 8,
to compute the relative errors for the approximation algorithms.
Moreover, as reported in [1], the running time of such a GPU-
parallelized PIVOTER algorithm using 5120 CUDA Cores is 6,851
seconds for k = 8, while our sequential DPColorPath (DPColor)
take around 20 seconds to obtain a very accurate k-clique count.
These results indicate that our algorithms are extremely efficient
for k-clique counting.

By comparing our algorithms with PEANUTS, we can see that

both DPColor and DPColorPath are consistently faster than PEANUTS

on all datasets with varying k. On most datasets, DPColorPath
is orders of magnitude faster than PEANUTS. For example, on
DBLP, both DPColor and DPColorPath take around 0.1 second,
while PEANUTS consumes more than 1 seconds for most k val-
ues. In addition, on Orkut and Friendster, PEANUTS and DPColor
cannot achieve a desired relative error within 5 hours for large k val-
ues, while DPColorPath is still very efficient on these two datasets.
For our algorithms, DPColorPath is generally faster than DPColor.
Moreover, the performance of DPColorPath is much more stable
than DPColor on all datasets. These results confirm our theoretic
analysis in Sections 4 and 5.

Relative errors with varying sample size. Fig. 2 shows the rel-
ative errors of three algorithms with varying k on webStanford
and LiveJournal. Similar results can also be observed on the other
datasets. As shown in Fig. 2, the relative error of DPColorPath is
consistently lower than those of DPColor and PEANUTS with the
same sample size. In general, the relative errors of all algorithms
decrease with the sample size increases. Moreover, we can see that
DPColorPath obtain a 107> relative error on all datasets when the
sample size is 10, indicating that DPColorPath can achieve very
high accuracy using a reasonable number of samples. These results
further confirm the efficiency and effectiveness of our techniques.

K-clique density. In this experiment, we evaluate the k-clique
densities over the k-color sets (px) and the k-color paths (pp) in the
dense regions of the graph, respectively. The results on all datasets
are reported in Table 2. As expected, pj is no larger than py on all
datasets. Moreover, both py and p,, can achieve a very high value
on most datasets. For example, on DBLP and webBerkStan, both
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Table 2: The k-clique densities (p;/pp) in the dense regions
(%)

Networks ‘ k=3 ‘ k=38 ‘ k =12 ‘ k=15
webStanford | 83.0/100.0 70.8/77.7 54.3/61.2 45.8/53.1
DBLP 97.2/100.0 | 100.0/100.0 | 100.0/100.0 | 100.0/100.0
webBerkStan | 94.7/100.0 | 99.9/100.0 100.0/100.0 | 100.0/100.0
webGoogle 94.6/100.0 91.2/94.4 86.1/87.8 84.7/85.7
Skitter 42.3/100.0 5.3/26.4 0.7/6.4 0.1/2.3
Orkut 20.5/100.0 0.0/2.6 0.0/0.2 0.0/0.0002
LiveJournal 54.3/100.0 80.4/91.0 -/- -/~
Friendster 10.1/100.0 0.0/18.1 0.0/55.6 0.0/52.2

pk and py are near to 100%. In general, both py and p;, decreases
with k increases. Nevertheless, on most datasets, p, is always very
large even when k = 15. These results further confirm that the
proposed techniques can achieve high accuracy on real-life graphs.

Memory overheads. Fig. 3 shows the memory usages of various
algorithms on webBerkStan and LiveJournal for k = 8. The results
for the other k values and datasets are consistent. As expected, the
space consumption of PEANUTS is significantly higher than the
other algorithms, as it needs to store the Tufan Shadow structure.
The space overheads of our algorithms and PIVOTER are compara-
ble, while kClist consumes slightly more space than our algorithms.
These results demonstrate that our algorithms are space efficient.

Parallel performance of our algorithms. In this experiment, we
evaluate the parallel performance of our algorithms. To this end, we
implement the parallel versions for both DPColor and DPColorPath
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Table 3: Runtime of our parallel algorithms (k = 8, ¢ = 5x10°)

DPColor (sec.) DPColorPath (sec.)
Threads - - - -
LiveJournal ‘ Friendster | LiveJournal ‘ Friendster
24.8 2481.5 28.4 2132.2
4 7.1 650.3 7.5 559.6
8 4.3 341.6 3.9 293.3
12 2.7 2444 2.7 210.3
16 2.1 196.5 2.1 171.9

using OpenMP. We fix the sample size as 5 x 10° to evaluate the
runtime of DPColor and DPColorPath on the two largest datasets.
The results are shown in Table 3. As can be seen, both DPColor and
DPColorPath perform very well. Both DPColor and DPColorPath
can achieve 12X ~ 14X speedups when using 16 threads. This result
indicates a high degree of parallelism of our algorithms.

7 CONCLUSION

In this paper, we propose a time and space efficient framework
for k-clique counting. Our framework first divides the graph into
sparse and dense regions based on the average degree. Then, for the
sparse regions, we use the state-of-the-art PIVOTER algorithm to
compute the exact number of k-cliques. For the dense regions, we
develop two novel DP-based k-color set and k-color path sampling
techniques to estimate the k-clique count, respectively. Extensive
experiments on 8 real-life graphs show that our algorithms are very
efficient and accurate.
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Table 4: The ratio of the k-cliques in the sparse regions.

Networks ‘ k=3 ‘ k=38 ‘ k =12 ‘ k =15

webStanford | 6.15% | 0.01% 0.00% 0.00%
DBLP 33.11% | 0.00% 0.00% 0.00%
webBerkStan | 3.80% | 0.00% 0.00% 0.00%
webGoogle 11.63% | 6.47% 0.69% 0.36%
Skitter 19.57% | 0.03% 0.00% 0.00%
Orkut 6.47% 0.07% 0.00% 0.00%
LiveJournal 9.30% | 0.00% 0.00% 0.00%
Friendster 26.15% | 0.30% 0.01% 0.00%

8 SUPPLEMENTARY MATERIALS

8.1 Additional experiments

The number of k-cliques in the sparse regions. In this experi-
ment, we evaluate the number of k-cliques in the sparse regions of
a graph on all datasets. Note that a node’s neighborhood-induced
subgraph is called a sparse region of a graph if the average degree of
such a subgraph is smaller than k. Clearly, if the sparse regions have
less number of k-cliques, then the PIVOTER algorithm should be
more efficient. Table 4 reports our results on all datasets. As can be
seen, for a relatively large k, the number of k-cliques in the sparse
regions of all datasets only accounts for a small portion of the total
number of k-cliques. On most datasets, such a ratio usually does not
exceed 0.1%. These results indicate that the proposed framework,
which integrates both PIVOTER and sampling techniques, can be
very efficient for handling real-life graphs.

Trade-off between accuracy and sample size. Table 5 shows the
sample sizes needed by TuranShadow, DPColor and DPColorPath
to meet a desired relative error given that k = 8. The results are
consistent when setting k to other values. As expected, the sample
size required by different algorithms increases with the relative
error decreases. Both DPColor and DPColorPath requires less sam-
ples than TuranShadow to achieve a desired relative errors on most
datasets. Moreover, we can see that in most settings, the sample
size of DPColorPath is one order of magnitude less than those of
TuranShadow and DPColor. For example, to achieve a 0.01% rela-
tive error on LiveJournal, DPColorPath only needs 2 x 10> samples,
whereas TuranShadow and DPColor require 3 x 107 and 7 x 10°
samples respectively. These results further confirm the superiority
of the proposed k-color path sampling technique.

8.2 Missing proofs

The proof of lemma 4.3. On the one hand, it is easy to verify that
there are at most k colors outputted by the DPSampling procedure,
since p(; o) = 0 and DPSampling will terminate immediately when
Jj = 0. On the other hand, by Eq. (3), we can derive that p(; ;) = 1.
This is because F(i — 1,i) = 0 by definition, thus 1 - p(; ;) = F(i -
1,i)/F(i,i) = 0. As a result, the probability of sampling a color
i with p; ;) is always 1, thus there are at least k colors that are
sampled by DPSampling if y > k. Putting it all together, the lemma
is established. O

The proof of Theorem 4.4. Let X be the event of a random k-
color class of G sampled by DPSampling. For each color j from 1
to y, let Yj be an indicator random variable, which is equal to 1 if
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the color j is selected in the event X, otherwise it is equal to 0. Let
Pr(X) be the occurrence probability of the event X. Then, we have
the following equation:

X
Pr(X) = Pr(( ), Yi) = k). )

i=1
Recall that DPSampling draws k colors following the decreasing
order of the color values (i.e., from y to 1). For each color j € [1, y],
the probability of selecting the color j in G; is p(; ;). Assume that
the sampled k-color class of G is C = {cy, ..., ¢y }, where each ¢; is

a color value of Gand ¢; > ¢ > - -+ > ¢. Clearly, a k-color class C
partitions the interval [1, y] into at most 2k+1 sub-intervals as {[c; +

1, xl [e1,e1], [ea+1,e1-1], -+ -, [ep+ 1, cp—1— 1), [eps ek )s [1, e — 1]}
Note that DPSampling only selects a color in the sub-intervals
[ci,ci] for every i = 1,--- , k, and no color is selected in the other
sub-intervals. Therefore, the probability of Pr((Zl).(=1 Y;) = k) can
be computed by

F(y -1,k) F(x-2k) F(e1, k) a¢, X F(e1 - 1,k—1)

F(x.k) ~F(x-1.k " FleL +1,k) F(c1, k)
F(cr —2,k-1) F(co,k—1) ac, X F(ca — 1,k - 2)
Fleo-1,k-1) " " Flep+1,k—1) F(ca, k — 1)

F(c, 1) ac, X F(cx —1,0)

F(cp +1,1) F(cg, 1)

Ay X Gy X -+ X dey

F(x, k)

8)

After obtaining a k-color class C, the algorithm further samples k
nodes with k different colors in C from G. Let Pr(k-color set) be the
probability of sampling a k-color set from G. Then, we have
Pr(k-color set) =Pr(k nodes with different colors|X) X Pr(X)
1 g, X Aoy X+ X Gy,

F(x. k)

Qe X Ac, X+ X gy,
_ 1 _ 1
" F(y.k)  cnti(G, color)

©)
By Eq. (9), each k-color set is uniformly sampled, thus the theorem
is established. o

The proof of Theorem 4.5. Clearly, the time complexity of the
DP procedure for counting the number of k-color sets is O(yk). In
the DPSampling procedure, we can randomly choose a node with
color i in constant time if the color groups are obtained (line 17).
The total time costs of the DPSampling procedure are bounded
by O(y + k). As a result, the time complexity of Algorithm 2 is
O(xk). For the space complexity, Algorithm 2 only requires O( yk)
additional space to store the DP table F and the probabilities p. O

The proof of Theorem 4.6. Let X; = 1 if the i;;, sampled k-color
set is a k-clique, otherwise X; = 0. Observe that

Pr(X; =1) = Z [Pr(choose v from D)
veS (10)
X Pr(choose a clique from G(Nv(é)))].
Fv()(,k—lz
Y ves cntr(G(N,(G)), color)’

G(N,(G)),cli
entil I'EU()((,k)—)lj ique) Thus, Pr(X; = 1) =

In the summation, the former probability is

and the latter is exactly
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Table 5: Sample sizes vs. relative errors of TuranShadow, DPColor and DPColorPath (k = 8)

Networks €=1% € =0.1% € =0.01%
TuranShadow ‘ DPColor ‘ DPColorPath | TuranShadow ‘ DPColor ‘ DPColorPath | TuranShadow ‘ DPColor ‘ DPColorPath

webStanford 5103 le10* 2e103 1e10° 1e10° 7e10* le108 5€10° le10®
DBLP 1e10! 1e10! le10! 1e10! 1e10! le10? 5¢10% 1le10! 1e10!
webBerkStan 1e10® 1le10! 1e10! 1e103 1e10! 1e10! 5e10° 5e10° 2e10°
webGoogle 1le10* 1le10° 1e10? 1e10° 3e10* 2e10* 4e107 4e10° 8e10°
Skitter 1e10® 3e10° le10* 1e10° 1e107 5e10° 2e107 5e107 4e10°
Orkut 1e10° >1e108 3e10° 5e10° >1e108 3e107 1e107 >1e108 8e10”
LiveJournal le10* le10* 3e103 1e10° 5e10° le104 3e107 7e10° 2e10°
Friendster - >1e10® 5¢10° - >1e10® 1e107 - >1e108 1e107

Soes ente(G(No(G)).clique)
Soes entk(G(No(G)), color)
pling a k-clique is exactly the k-clique density in the dense regions.

By the linearity of expectation, we have

. This implies that the probability of sam-

E[cntKCol x M] = Z ente(G(No(G)), color) x Zi<t EIXi]
t vES t
= Z cntk(G(Nv(é)), clique).
vES
(11)
Therefore, Algorithm 3 returns an unbiased estimator of the k-
clique count in the dense regions of G. O

The proof of Theorem 4.7. Denote by pj. the estimator of the
k-clique density (line 13 of Algorithm 3). Since our estimator is
unbiased, we have E[p}] = pi. Then, the expected number of k-
cliques in the t samples is E[git] = pit. Based on the Chernoff
bound, we easily obtain the following results:

2 2
. €°pkt €°pkt
Pr(ppt < (1 - €)pgt) < exp(- 2 ) < exp(— 3 ), (12)
. Ezpkt
Pr(pit = (1 + €)pit) < exp(— 5 ). (13)
Further, we have:
. 2
- t
Pr(M > €) < 2exp(— =250, (14)
Pk 3
Let exp(— £251) < . Th, derive that £ > —3InL. Thi
€t eXp 3 S 0. €n, we can derive a P pkez na . 1S
completes the proof. O

The proof of Theorem 4.8. For the time complexity, Algorithm 3
takes O(m + n) time to obtain a feasible graph coloring. Then, it
consumes O(|S| yk) time to compute F;, for each v € S. After that,
to draw a k-color set, the algorithm takes O(yk) time and O(k?)
time to check whether it is a clique. Thus, the total time used in the
k-color set sampling stage is O(t(yk + k?)). As a consequence, the
time complexity of Algorithm 3 is O((|S| + ) yk + m + n + k?t). For
the space complexity, the algorithm needs to store the graph G and
the colors which takes O(m + n) space in total. Additionally, the
algorithm uses O(yk) space to store the DP table when sampling a
k-color set. Note that the algorithm does not store all the DP tables
for all samples. Thus, the total space overhead of Algorithm 3 is
O(m+ n+ yk). O

The proof of Theorem 5.1. Let P = {(v1, v2), (v2,v3), - -+ , (Vk_1, Vk)}

be a (k—1)-pathin G. By the color ordering, we have c¢(v;) < ¢(vi+1)
for every i € [1,k — 1], where c(v;) denotes the color value of
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v;. Since any two adjacent nodes have different colors, we have
c(vi) # c(vi41) for each i € [1,k — 1]. As a result, the path Sis a
k-color path. O

The proof of Theorem 5.2. Let C = {v;, vy, - - - , v} be a k-clique
in G. Clearly, the nodes in C have different colors. Suppose without
loss of generality that c(v1) < c(v2), - - , c(vg). Since Gis generated
by the color ordering, there must exist a path {(v1,v2), - - - , (Vg_1, Vx)}
in G which also forms a valid k-color path. O

The proof of Theorem 5.3. Consider a path {vy, vz, - - - , vy }. Let
X be the event of this path being sampled by Algorithm 4. Denote by
Y; the event of a node v; appearing in the path. Clearly, the probabil-

ity of the first node v; being sampled is Pr(Y7) = % Ob-

serve that in the i*P-iteration of the for loop (line 15), the distribu-
tion D for node v; is constructed from Ny,_, (G). The node v; being
sampled in the for loop can be represented as an event Y;|Y;_ (con-

ditioned on Y;j_1), thus we have Pr(Y;|Y;_1) = ZueNjf:ngl()"’k*i)'
As a consequence, we have
Pr(X) = Pr(Y7) X Pr(Y2|Y1) X - - - X Pr(Yi|Yi_1)
_ H(vi, k—1) H(vz, k —2) y
Suev Huk =1 T,y 6 Huk=2)
H(vg, 0) (15)
ZuEva_l(é) H(u,0)
1

- ZUEV H(uv k- 1) .
Since the number of k-color paths in G is equal to 3}, cy H(u, k—1),
each k-color path is sampled uniformly. O

The proof of Theorem 5.4. First, the algorithm consumes O(m+n)
time to obtain a DAG. Second, as above analyzed, the DPPathCount
procedure takes O(nk y) time. Third, the DPPathSampling proce-
dure uses O(n + yk) time. This is because setting the probability
distribution for the first node takes O(n) time, while for the other
nodes it takes at most O(y) time. Thus, the total time complexity of
Algorithm 4 is O(ynk + m). For the space complexity, the algorithm
needs to store the DAG and the DP table H which uses O(nk + m)
space in total. O

8.3 Further related work

K-clique and triangle counting. Except the practical algorithms
introduced above, there also exist some theoretical studies on the
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k-clique counting problem [11, 16, 17, 20]. Most of these theoretical
work focus mainly on devising an algorithm to achieve a better
worst-case time complexity. The practical performance of such al-
gorithms is often much worse than the state-of-the-art practical
algorithms [28]. Triangle is a specific k-clique for k = 3. The prob-
lem of counting triangles in a graph has a long history. There are
many algorithms in the literature [5, 14, 27, 32, 43]. For example,
both [27] and [32] are ordering-based exact triangle counting algo-
rithms. Chu and Cheng [14] developed an I/O-efficient algorithm
exact algorithm for triangle listing. Tsourakakis et al. [43] proposed
an edge sampling algorithm to approximate the number of triangles
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in a graph. Becchetti et al. [5] presented an approximate triangle
counting algorithm in the semi-streaming model. Tom et al. [40]
and Hu et al. [22] developed efficient GPU-parallel algorithms for
triangle counting in the shared-memory many-core platforms.

Motif counting. Many exact and sampling-based approximation
algorithms have been proposed for motif counting [8, 9, 33, 34, 36];
and some of them can also be used to count k-cliques. Notable
example include the color coding based algorithms [8, 9], and edge
sampling based algorithms [36]. However, as shown in [23], all these
algorithms cannot scale for large graphs and also their practical
performance is worse than TuranShadow.
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